We discuss the four mode squeezed vacuum produced in Type-II parametric down conversion. For proper phase relations it is a polarization singlet with an undefined number of photons. Even for a finite gain, Γ, its invariance properties, and perfect correlations (seemingly) allow to introduce EPR elements of reality, which are photon numbers. From another perspective such a state gives us two copies states which in the limit of Γ → ∞ leads the (non-normalizable) EPR state. A chained Bell inequality, built for the elements of reality, derived basing on the geometric concept of distance, is grossly violated. In the limit of infinitely many settings, we get a GHZ-type contradiction for the two copies of the EPR state: elements of reality point to a correlation, while quantum mechanics to anti-correlation. The proposed scheme is feasible in the low gain regime.
Introduction. The quantum realm is very distant from our daily experience, which shapes our view on what is reality. The phenomena are counterintuitive, and the formalism, which describes our observations of quantum phenomena, even more. The predictions have only a statistical nature. One cannot predict with certainty the response of individual quantum systems to all possible experimental situations. Some quantum predictions seem paradoxical [1] .
The so-called Einstein-Podolsky-Rosen paradox [2] was an attempt to show that the quantum description of reality cannot be considered complete. Elements of reality, properties of a system which can be established with perfect accuracy, without in any way disturbing it, were to be the missing component of the theory. EPR used perfectly correlated systems to show that such elements of reality are (seemingly) derivable from quantum predictions and the principle of locality (relativistic no action at a distance). There were some additional hidden assumptions in the reasoning of EPR, like freedom of an experimenter to choose the observable to be measured, and putting on equal footing the actual experimental situation realized for the given individual system, and a possible different (complementary) one. The second of these was directly addressed by Bohr in his response [3] in his famous sentences"... there is essentially the question of an influence on the very conditions which define the possible types of predictions regarding the future behavior of the system. [...] In fact, it is the mutual exclusion of any two experimental procedures, permitting unambiguous definition of complementary physical quantities, which provides room for new physical laws the coexistence of which at first sight appear irreconcilable with the basic principles of science." Bohr's response discussed only the assumptions of EPR, and did not challenge their "technical" results.
However 29 years later, 50 year ago, Bell showed [5] that there is a technical flaw in the EPR reasoning, if one applies it to the Bohm's version of the paradox [4] for a two-spin 1/2 singlet. Simply elements of reality are incompatible with quantum mechanics, as they must satisfy the Bell inequality, while quantum predictions violate it. The EPR program breaks down in the case of the simplest possible maximally entangled state. Even a more striking proof of that was given 25 years later by the GHZ trio (Greenberger-Horne-Zeilinger) [6] for three spins 1/2. It can be put: if elements of reality exist then 1 = −1. All this now expanded to an "industry" which uses violations of various new and old Bell inequalities also in practical applications, like: reduction of communication complexity [7] , randomness generation [8] , deviceindependent quantum cryptography [9] . The violations, in a device independent way, indicate the presence of entanglement [10] , [11] .
For many years the following question was unresolved. Do we have Bell's theorem also for the original EPR state? In the momentum representation the state is δ(p 1 + p 2 ), where p i is the momentum of i-th EPR "particle". Such singular objects do not exist in the Hilbert space. Nevertheless, as distributions can be approximated by well behaved functions, one can study properties of proper wave functions which in some limit give us δ(p 1 +p 2 ). In Ref. [12] Bell shows that the Wigner distribution for the EPR state is always non-negative, thus there is no chance for Bell's theorem. The distribution gives an explicit local hidden variable model for all obsevables which are functions of positions and momenta.
Reid and Drummond in [13] and [14] showed that we can can have an optical approximation of the EPR state in the form of a radiation of non-degenerate optical parametric amplifier: a two mode squeezed vacuum. This opened the exciting prospect of actually observing approximate "original" EPR correlations in the lab. Bell's Theorem for such approximate EPR states was finally given in [15] and [16] . The idea was to use different observables than the ones of EPR. For a given photon field mode the operator p is equivalent to
(a−a † ) while the position x can be modelled by
One can use also a general pair of quadratures:
(e iθ a+h.c), where h.c. stands for the Hermitian conjugate of the previous expression, and Q(θ + π 2 ). Such pairs of conjugate observables lead always to non-negative Wigner functions for the squeezed vacuum. Instead of these Cohen [15] used an approach which effectively led to an experiment describable in a Hilbert space larger than the original one (a specific interferometer, or coupling the EPR state to a pair of spin 1/2 ancillas). Both approaches did not relate directly to the properties of a squeezed vacuum. In Ref. [16] no enlargement of Hilbert (Fock) space was required, as highly non-classical observables were used to do the trick: displaced parity operators (the parity operator was defined by (−1)n, wheren = a † a; this allows to transform the eigenvalues to the usual ±1).
Here we want to take a different approach, which directly uses photon number operators. The other specific trait of our approach is that we use a four mode squeezed vacuum, which effectively gives us an approximation of the EPR state in two copies. Entangled states of light with mean number of photons of order of ten are easily accessible in laboratories [17] . The standard method of their generation employs a type-II parametric downconversion (PDC) process, which occurs in a nonlinear crystal pumped by a laser beam [11] . The process is described by the Hamiltonian
, where in the notation for creation operators letters a, b stand for spatial modes, and subscripts for H, V polarizations. The phase factor, e iφ , is controllable, and we shall fix it to −1. The output is a superposition of maximally entangled 2N -photon polarization singlet states
where
The symbol |n H , (N − n) V a denotes n horizontally and N − n vertically polarized photons in beam a. Similar notation holds for the beam b. In the case of component states |ψ
each beam contains N photons in total. Polarizations of beam a and b separately are undefined, but due to equal photon numbers in the orthogonal polarizations they are anti-correlated. The strength of the interaction Γ is governed by the coupling g and the interaction time t. For a strong pump, that is high g, the crystal output is called bright squeezed vacuum (BSV).
As the unitary transformation leading to the state is given by e iHt it can be factorized to e iHH,V t e iHV,H t , where
Thus as the initial state is vacuum in all modes we get two copies of an approximate EPR state in the form of two squeezed two-mode vacua. One for modes a H and b V and the second for modes a V and b H . The copies differ by a phase (sign) factor in the generating Hamiltonians.
The state |Ψ (−) has some other interesting properties. Consider a Bell experiment (Fig. 4) . Two spatially separated observers, Alice and Bob observe radiation of a pulse pumped source producing the four mode squeezed vacuum. They can control the orientation of their local (linear) polarizers, defined by θ A and θ B , respectively, and count photons at the local outputs. Thus, the result of the local measurement for run (pulse) k is a certain number of photons counted at Alice's side n (k) (θ A ), and at Bob's side m (k) (θ B ). The state has the property that for
). This is a direct consequence of the fact that the generating Hamiltonian has a form invariant with respect to pairs of orthogonal polarizations in which one expresses it:
, and θ A/B = 0 stands for H. As a matter of fact this holds also for any pair of elliptic polarizations. To understand this fact it is enough to recall that
|0 is a two-photon polarization singlet, which is invariant with respect to U ⊗ U transformations (effectively, global rotations). Thus, the four mode squeezed vacuum shares an important property with a two-qubit singlet, which was used by Bohm to present a simple version of the EPR argument [4] . In a way this is a kind of polarization super-singlet with undefined number of photons.
This feature of |Ψ (−) allows one to perform an EPRlike reasoning, with different observables than the ones considered by EPR or Bohm. Using the property
2 ) one can fix the Bob's value for the k-th run, and his possible setting θ B = θ A + π 2 , without actually measuring it, by a distant physically nondisturbing measurement at Alice's side, and vice versa. The experiment can have a configuration in which the acts of measurement of Alice and Bob are spatially separated (in the relativistic meaning). Thus, n (k) (θ A ) and m (k) (θ B ) are elements of reality. Note that this holds for any θ A and thus for any θ B . To show that is unacceptable in quantum mechanics, one should seek for Bell inequalities satisfied by the elements of realty, and violated by quantum predictions.
We shall show that such inequalities exist. The double EPR-like-supersinglet leads to predictions which disagree with the ideas of EPR. The Bell inequalities are based on the concept of distance, and the fact that any properly defined distance satisfies polygon inequalities.
Take two stochastic variables V (λ) and W (λ), governed by a joint probability ρ(λ). Their "separation" can be measured for example by D(V, W ) = |V (λ) − W (λ)|ρ(λ). This function of two variables satisfies all defining properties of a distance:
The last property is due to the fact that for any three real (or complex) numbers a, b, c one has: |a − c| ≤ |a − b| + |b − c|.
Distance Bell inequality. Allow Alice and Bob to choose freely between several local settings of a their polarizers, θ Ai and θ Bj , respectively. For a more concise notation we put n
A triangle inequality implies polygon inequalities of an arbitrary length (see Fig. 1 ).
a polygon inequality for numbers. For averages,
where R is the number of runs, we get an inequality for elements of reality:
This Bell inequality is in a form of a chain (the concept of chained inequalities see [18] ): if the number of vertices grows, the sums on the left-hand side gain extra terms but the inequality as a whole does not change its form. In a geometric interpretation presented in Fig. 1 this corresponds to adding new red segments.
One arrives at the same inequality, if in the derivation one uses local hidden variable (LHV) models. Assume that m i and n j depend on some hidden parameters (causes, variables) λ. The 'distance' can be put as
where ρ hv (λ) is a probability distribution of LHV's. Obviously it satisfies (4). Below we show that inequality (4) distance Bell inequality (4) requires the following
Violation of the distance inequality by the 2N photon singlets, |ψ . The singlets (2) also have the invariance with respect to U ⊗ U discussed above. Thus, the setting rotations beams a and b will appear in inequality (6) 
The distance inequality (6) takes the form
Let us estimate the RHS for a large number of settings (parametrized by L). With L very large θ ′ ≈ π 2 , and π 2 is the limit for L → ∞. This means that Bob's measurements are effectively in the same basis as Alice's, however the polarizer's outputs are flipped. Thus there is no n = m correlation characteristic for singlets for outputs H on one side and V on the other (and other way round). As Bob's H is now V , etc. we have a perfect anti-correlation, m = N − n. The formula (2) tell us ,that p When estimating the LHS, notice that
is proportional to a †n
H sin θ, we see the following. For θ = 0 we recover the formula for perfect singlet correlations: formula (7) tells us that
is non-zero only for n = m. However for non-zero θ we see that all 'new' terms in the amplitude in formula (7), new with respect to (10) , are proportional to some power of sin θ. The lonely term proportional to cos 2N θ does not contribute to p N Q (n = m|θ). Thus the difference between p N Q (n = m|0) = 0, and p N Q (n = m|θ) = 0 is a polynomial in sin θ with the lowest power equal to 2. As θ = π/(4L), the lowest order terms LHS of (9) N q always tends to a certain negative value. Therefore, in this limit B q < 0 also holds, which proves violation for (1). This result is independent of the statistics λ N in |Ψ (−) . Direct calculation of the inequality (8) shows that LHS → 0 and RHS → e 2Γ . If we take a very large Γ, we approach 0 ≥ ∞.
Conclusions. A four-mode bright squeezed vacuum (BSV) can be thought of as two copies of an approximate EPR state, or a super-singlet. Even without going to the unphysical limit the perfect correlations allow one formulate an EPR argument for elements of reality, however for different variables than the original considerations of EPR [2] . Still, the variables are "natural" -mere photon numbers. However, the distance-like Bell inequality invalidates the EPR reasoning. In the limit of an infinitely long chained polygon inequality, based on the EPR concepts, for specific settings the LHS predicts a perfect photon-number correlation for orthogonal polarizations, while the RHS gives is the maximum possible "distance" for the photon number observables if measured for BSV. We have a situation similar to the GHZ paradox, because actually the for parallel polarizations photon-numbers show perfect correlation! Elements of reality point to opposite correlation than the actual one.
One can expect various applications of the presented process in quantum information. For small values of Γ the experiment is feasible. One can use a modification of the techniques of Ref. [19] . However the analysis would necessarily involve a fair sampling assumption. 
SUPPLEMENTARY MATERIAL I. PROOF OF THE INEQUALITY (3)
Inequality (3) will be proved by induction with respect to L. Let us denote by S L the right side of inequality (3). We will show that S L ≥ 0. For L = 1 (we are not interested in that case physically but it does not matter in the proof) S L =| m 1 − n 1 | − | m 1 − n 1 |= 0 and inequality (3) is satisfied. Let us assume that S L−1 ≥ 0 holds. We have that S L = S L−1 + R, where
Thus R ≥ 0 from induction hypothesis for L = 2 and finally S L ≥ 0 which completes the proof.
II. DERIVATION OF PROBABILITY IN LOSSLESS DETECTION CASE
Our goal is to calculate the following probability
In order to do that we need to express the state |(N − m) H+θ , m V +θ in terms of {H, V } basis. The two bases, i.e. {H, V } and {H + θ, V + θ} are linked by the following unitary transformation (it is just a rotation in operators space)
Applying Eq. (11) we obtain
Now we are ready to compute p N Q (n, m | θ). The probability amplitude is given by
In order to get rid of the Kronecker delta δ p+q,N −n , we notice that p ∈ (0, N −m) and 0 ≤ q = N −n−p ≥ m−n what implies the summation from q = i = max{0, m− n} to j = min{N − n, m}. Hence we obtain the probability amplitude
where ξ
(N +1)(N −m)!m! . Now we square (12) and get probability p
III. CONTRADICTION WITH QUANTUM MECHANICAL PREDICTIONS
We show that considering inequality (8) one obtains contradiction with quantum mechanics. Inequality (8) can be written as
Here the notation LHS and RHS stand for the lefthand side and the right -hand side of the inequality (13) . We easily see that for L → ∞, θ = π/4L → 0 and θ ′ = (2L − 1)π/4L → π 2 . At first we consider righthand side of the inequality (13) Please notice that N n,m=0
In Eq. (12) we have that i = q min = max{0, m − n} and j = q max = min{N − n, m}. For simplicity we introduce notation K(q) = 2q + n − m. We have to consider three cases. 1
• If n + m < N then q max = m and K(q max ) = n + m < N . Hence obviously K(q) < N and (cos θ ′ )
• Similarly If n + m < N then q max = N − n and K(q max ) = 2N − (n + m) < N . Hence again K(q) < N and (cos θ ′ ) N (tan θ ′ ) K(q) → 0. From 1 • and 2
• we conclude that the two first sums in (15) vanish for L → ∞. Please notice that for m = n (if m = n, | m − n |= 0) and q ≥ max{0, m − n} we have that K(q) = 2q + n − m > 0. Using de L'Hospital rule is is easy to calculate that √ 2L − 1 tan θ → 0 for L → ∞. From this fact and using that (cos θ) N → 1 and (tan θ) l → 0 (l is arbitrary positive number) for L → ∞ we obtain that √ 2L − 1(cos θ) N (tan θ) K(q) → 0 for L → ∞. Hence Λ(n, m | N, θ) → 0. This implies that LHS → 0. From the above considerations we also notice that in the limit L → ∞ parameter C q is negative lim L→∞ C q < 0.
